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1 Introduction
For an almost complex manifold (M,J), T.-J. Li and W. Zhang [16] introduced
subgroups H+J and H
−
J of the real degree 2 de Rham cohomology group H
2(M,R),
as the sets of cohomology classes which can be represented by J-invariant and J-
anti-invariant real 2-forms, respectively. Let us denote by h+J and h
−
J the dimensions
of H+J and H
−
J , respectively.
It is interesting to consider whether or not the subgroups H+J and H
−
J induce a
direct sum decomposition of H2(M,R). In the case of direct sum decomposition, J
is said to be C∞ pure and full (see Definition 2.2).
This is known to be true for integrable almost complex structures J which
admit compatible Ka¨hler metrics on compact manifolds of any dimension. In this
case, the induced decomposition is nothing but the classical real Hodge-Dolbeault
decomposition of H2(M,R) (see [4]).
Note that there are topological obstructions to the existence of almost complex
structures on an even dimensional manifold. For a closed 4-manifold, a necessary
condition is that 1− b1 + b+ be even [4], where b1 is the first Betti number and b+
is the number of positive eigenvalues of the quadratic form on H2(M,R) defined by
the cup product, hence the condition is either b1 be even and b
+ odd, or b1 be odd
and b+ even.
It is a well-known fact that any closed complex surface with b+ odd is Ka¨hler.
This was originally obtained from the classification theory, but direct proofs have
been given in [5, 12].
In dimension 4, T. Draghici, T.-J. Li and W. Zhang [8] proved that on any
closed almost complex 4-manifold (M,J), J is C∞ pure and full. Further in [9],
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2they computed the subgroups H+J and H
−
J and their dimensions h
+
J and h
−
J for
almost complex structures metric related to an integrable one. Using Gauduchon
metrics ([10]), they proved that the almost complex structures J˜ with h−
J˜
= 0
form an open dense set in the C∞-Fre´chet-topology in the space of almost complex
structures metric related to an integrable one ([9, Theorem 1.1]). Based on this,
they made a conjecture (Conjecture 2.4 in [9]) about the dimension h−J of H
−
J on
a compact 4-manifold which asserts that h−J vanishes for generic almost complex
structures J . In particular, they have confirmed their conjecture for 4-manifolds
with b+ = 1 ([9, Theorem 3.1]).
In this paper we confirm the conjecture completely (see Theorem 1.1 below) by
using g-compatible almost complex structures.
Let J be the space of all almost complex structures onM and denote by J cg and
J tF respectively the spaces of g-compatible and F -tame almost complex structures
on M ; namely,
J cg = {J ∈ J | g(JX, JY ) = g(X,Y ), ∀X,Y ∈ TM},
J tF = {J ∈ J | F (X, JX) > 0, ∀X ∈ TM,X 6= 0}.
It is well known that J cg and J
t
F are contractible C
∞-Fre´chet spaces. See [2, 8, 9]
for details.
Theorem 1.1. Let M be a closed 4-manifold admitting almost complex structures.
Then the set of almost complex structures J on M with h−J = 0 is an open dense
subset of J in the C∞-topology.
The rest of the paper is organized as follows. In §2 we recall definitions, pre-
liminary results mainly as given in [9], and constructions of g- and F -compatible
almost complex structures. Finally in §3 we give the proof of Theorem 1.1.
2 Definitions and Preliminaries
Suppose (M,J) is a closed almost complex 4-manifold. One can construct a J-
invariant Riemannian metric g on M . Such a metric g is called an almost Her-
mitian metric for (M,J). This then in turn gives a J-compatible non-degenerate
2-form F by F (X,Y ) = g(JX, Y ), called the fundamental 2-form. Such a quadru-
ple (M, g, J, F ) is called a closed almost Hermitian 4-manifold. Thus an almost
Hermitian structure onM is a triple (g, J, F ). By direct calculation, F ∧F = 2dµg,
where dµg is the volume form of M determined by g.
Note that J acts on the space Ω2 of 2-forms on M as an involution by
α 7−→ α(J ·, J ·), α ∈ Ω2(M). (2.1)
This gives the J-invariant, J-anti-invariant decomposition of 2-forms:
Ω2 = Ω+J ⊕ Ω
−
J , α = α
+
J + α
−
J (2.2)
as well as the splitting of corresponding vector bundles
Λ2 = Λ+J ⊕ Λ
−
J . (2.3)
3Remark 2.1. Note that Λ−J is a vector bundle of rank two and Λ
−
J inherits an
almost complex structure, still denoted by J , defined by
(Jα)(·, ·) = −α(J ·, ·), α ∈ Λ−J .
It is well known that, when J is integrable, β ∈ Z−J if and only if Jβ ∈ Z
−
J .
Conversely, if (M,J) is a connected almost complex 4-manifold and there exists
nonzero β ∈ Z−J such that Jβ ∈ Z
−
J , then J is integrable (see [17]).
Definition 2.2. (cf. [8, 16]) Let Z2 denote the space of closed 2-forms on M and
set
Z+J := Z
2 ∩ Ω+J , Z
−
J := Z
2 ∩Ω−J .
Define the J-invariant and J-anti-invariant cohomology subgroups H±J by
H±J = {a ∈ H
2(M ;R) | there exists α ∈ Z±J such that a = [α]}.
We say J is C∞ pure if H+J ∩H
−
J = {0}, C
∞ full if H+J +H
−
J = H
2(M ;R), and J
is C∞ pure and full if
H2(M ;R) = H+J ⊕H
−
J .
Proposition 2.3. (cf. [8, Theorem 2.3]) For any closed almost complex 4-manifold
(M,J), J is C∞ pure and full.
Since (M, g, J, F ) is a closed almost Hermitian 4-manifold, the Hodge star op-
erator ∗g gives the well-known self-dual, anti-self-dual decomposition of 2-forms as
well as the corresponding splitting of the bundle (see [7]):
Ω2 = Ω+g ⊕ Ω
−
g , α = α
+
g + α
−
g ; (2.4)
Λ2 = Λ+g ⊕ Λ
−
g . (2.5)
Since the Hodge-de Rham-Laplace operator commutes with ∗g, the decomposition
(2.5) holds for the space Hg of harmonic 2-forms as well. By Hodge theory, this
induces cohomology decomposition by the metric g:
H2(M ;R) = Hg = H
+
g ⊕H
−
g . (2.6)
Similar to Definition 2.2, one defines
H±g = {a ∈ H
2(M ;R) | a = [α] for some α ∈ Z±g := Z
2 ∩ Ω±g }. (2.7)
It is easy to see that
H±g = Z
±
g = H
±
g
and (2.6) can be written as
H2(M ;R) = H+g ⊕H
−
g . (2.8)
4There are the following relations between the decompositions (2.3) and (2.5) on an
almost Hermitian 4-manifold:
Λ+J = RF ⊕ Λ
−
g , (2.9)
Λ+g = RF ⊕ Λ
−
J , (2.10)
Λ+J ∩ Λ
+
g = RF, Λ
−
J ∩ Λ
−
g = {0}. (2.11)
See [6] for details. It is easy to see that H−J ⊂ H
+
g and H
−
g ⊂ H
+
J .
Let b2, b
+ and b− be the second, the self-dual and the anti-self-dual Betti number
of M , respectively. Thus b2 = b
+ + b−. It is easy to see that, for a closed almost
Hermitian 4-manifold (M, g, J, F ), there hold (see [8]):
H−J = Z
−
J , h
+
J + h
−
J = b2, h
+
J ≥ b
−, h−J ≤ b
+. (2.12)
Lejmi recognizes Z−J as the kernel of an elliptic operator on Ω
−
J .
Lemma 2.4. (cf. [14, 15]) Let (M, g, J, F ) be a closed almost Hermitian 4-manifold.
Let operator P : Ω−J → Ω
−
J be defined by
P (ψ) = P−J (dδgψ),
where P−J : Ω
2 → Ω−J is the projection, δg is the codifferential operator with respect
to metric g. Then P is a self-adjoint strongly elliptic linear operator with kernel
the g-harmonic J-anti-invariant 2-forms.
Hence one has the decomposition of Ω−J :
Ω−J = kerP ⊕ P
−
J (dΩ
1) = H−J ⊕ P
−
J (dΩ
1).
Let H−,⊥J denote the subgroup of H
+
g which is orthogonal to H
−
J with respect
to the cup product; that is,
H−,⊥J := {ω ∈ Z
+
g |
∫
M ω ∧ α = 0 ∀α ∈ Z
−
J }. (2.13)
By Lemma 2.4 and the results in [8, Lemmas 2.4 and 2.6], we have the following
lemma which will be used in §3.
Lemma 2.5. Let (M, g) be a closed Riemannian 4-manifold. If α ∈ Ω+g and α =
αh + dθ + δgψ is its Hodge decomposition, then P
+
g (dθ) = P
+
g (δgψ) and P
−
g (dθ) =
−P−g (δgψ), where P
±
g : Ω
2 → Ω±g are the projections. Moreover, the 2-form α −
2P+g (dθ) = αh is harmonic and α+2P
−
g (dθ) = αh+2dθ. In particular, if (M, g, J, F )
is a closed almost Hermitian 4-manifold and if α ∈ H−,⊥J is a self-dual harmonic
2-form, then α = fF + P−J (dθ) for some function f 6≡ 0 and α− dθ ∈ Z
+
J .
Remark 2.6. As direct consequences of Lemmas 2.4 and 2.5, we have decomposi-
tions as self-dual harmonic 2-forms and as cohomology classes:
H+g = H
−
J ⊕H
−,⊥
J , H
+
J = H
−,⊥
J ⊕H
−
g .
5The almost complex structure J acts on the cotangent bundle T ∗M by (Jα)(·) =
−α(J ·), where α is a 1-form. Hence J induces an action J ⊗ J on ⊗2T ∗M , still
denoted by J . The bundle of 2-forms decomposes under the action of J as
Λ2 = Λ+J ⊕ Λ
−
J , (2.14)
and the symmetric tensor bundle of type (2, 0) decomposes as
S2 = S+J ⊕ S
−
J . (2.15)
Let us construct g-compatible almost complex structures using sections of the
bundle of J-anti-invariant 2-forms. Given α ∈ Ω−J , define tensor field Kα of type
(1, 1) by
g(X,KαY ) = α(X,Y ). (2.16)
It can be checked that Kα and JKα are skew-adjoint. It follows that Id + JKα is
invertible ([13]). Define tensor field Jα of type (1, 1) and 2-form Fα by
Jα := (Id + JKα)
−1J(Id + JKα), Fα := g(Jα·, ·). (2.17)
It is easy to see that J2α = −Id; hence Jα is an almost complex structure.
The Jα and Fα so defined have the following properties.
Proposition 2.7. ([13, Proposition 1.5]) Given α ∈ Ω−J , we define the norm func-
tion |α| ∈ C∞(M) of α by α ∧ α = 2|α|2dµg, i.e.,
|α|2 = (α ∧ α)/(2dµg).
Then the Jα and Fα defined by (2.17) satisfy:
g(JαX, JαY ) = g(X,Y ),
Jα =
1− |α|2
1 + |α|2
J −
2
1 + |α|2
Kα,
Fα =
1− |α|2
1 + |α|2
F +
2
1 + |α|2
α.
Thus the triple (g, Jα, Fα) is an almost Hermitian structure on M .
Remark 2.8. The Jα’s are sometimes called g-related almost complex structures
(cf. [8, 9]). Note that the fibre bundle Z of all g-compatible almost complex
structures is called the twistor space of (M, g, J) (see [1]):
Z = {J ∈ SO(TM) | J2 = −id} = SO(TM)/U(2);
so the twistor fibration pi : Z →M is an S2 bundle. By using g-related almost com-
plex structures one can study the twistor space of Riemannian 4-manifolds, complex
structures on Riemannian 4-manifolds, Gromov-Witten invariants for Ka¨hler sur-
faces and the dimension of J-anti-invariant cohomology of closed almost complex
4-manifolds (cf. [8, 9, 13]).
63 Proof of Theorem 1.1
In this section we prove Theorem 1.1. Let us first describe the C∞-topology on
the space J∞ of C∞ almost complex structures on M . For k = 0, 1, 2, · · · , the
space J k of Ck almost complex structures on M has a natural separable Banach
manifold structure. The natural C∞-topology on J∞ is induced by the sequence
of Ck semi-norms ‖ · ‖k, k = 0, 1, 2, · · · . With this C∞-topology, J∞ is a Fre´chet
manifold. A complete metric which induces the C∞-topology on J∞ is defined by
d(J1, J2) =
∞∑
k=0
‖J1 − J2‖k
2k(1 + ‖J1 − J2‖k)
.
For details, see [2, 9].
Proof of Theorem 1.1. Let (M, g, J, F ) be a closed almost Hermitian 4-manifold.
Note that H−J ⊂ H
+
g and hence h
−
J ≤ b
+. We assume b+ ≥ 2 since the case where
b+ = 1 has been proved by Draghici, Li and Zhang (cf. [9, Theorem 3.1]).
To prove the denseness statement, we may consider a family Jt, t ∈ (0, 1) of
almost complex structures on M which is a deformation of J , that is, Jt → J in
the C∞-topology as t→ 0.
If h−J = 0, then as noted in [9], we can establish path-wise semi-continuity
property for h±J which follows directly from Lemma 2.4 and a classical result of
Kodaira and Morrow ([11, Theorem 4.3]) showing the upper semi-continuity of the
kernel of a family of elliptic differential operators. Therefore h−Jt = 0 for small t.
We now assume that h−J ≥ 1. Let us write m := h
−
J and l := b
+ −m. We shall
construct a family of g-compatible almost complex structures {Jc} ⊂ J cg where c
are cut-off functions to be chosen such that h−Jc = 0 and Jc → J in the C
∞-topology
as c→ 0.
First, suppose that m (= h−J ) < b
+. Then H−,⊥J 6= ∅ and
l = dimH−,⊥J = b
+ −m ≥ 1. (3.1)
For each nonzero [ω] ∈ H−,⊥J where ω is a self-dual harmonic 2-form, we set
fω := 〈ω, F 〉 ∈ C
∞(M). (3.2)
Then, by Lemma 2.5, fω 6≡ 0. Set
SJ := {ω ∈ H
−,⊥
J |
∫
M
ω2 = 1}. (3.3)
Then SJ is a sphere of dimension b
+−m− 1 = l− 1. Define a function V : SJ → R
as follows: for any ω ∈ SJ ,
V (ω) := vol (M \ f−1ω (0)) =
∫
M\f−1ω (0)
dµg. (3.4)
Then V is a continuous function on SJ . When H
−,⊥
J is non-empty,
δJ := inf
ω∈SJ
V (ω) > 0 (3.5)
7since SJ is compact. Let α1, · · · , αm ∈ Z
−
J be such that [α1], · · · , [αm] is an or-
thonormal basis of H−J with respect to the cup product. Choose
[ω1], · · · , [ωl] ∈ H
−,⊥
J , l = b
+ −m
such that [α1], · · · , [αm], [ω1], · · · , [ωl] form an orthonormal basis ofH+g with respect
to the cup product; namely, for 1 ≤ i ≤ m and 1 ≤ j ≤ l,
∫
M ω
2
i =
∫
M α
2
j = 1,
∫
M ωi ∧ αj = 0, (3.6)
and, for 1 ≤ i1 6= i2 ≤ m and 1 ≤ j1 6= j2 ≤ l,
∫
M ωi1 ∧ ωi2 = 0,
∫
M αj1 ∧ αj2 = 0. (3.7)
To complete the proof of the denseness statement in Theorem 1.1, we need the
following lemma which is a special case of a theorem of C. Ba¨r.
Lemma 3.1. ([3, Main Theorem]) Let M be a closed Riemannian 4-manifold.
Then every harmonic 2-form α on M has the unique continuation property. Hence
if α 6≡ 0, then its nodal set α−1(0) has empty interior; in fact, α−1(0) has Hausdorff
dimension ≤ 2.
By Lemma 3.1, since α1, · · · , αm ∈ Z
−
J , the set
⋃m
i=1 α
−1
i (0) has Hausdorff
dimension ≤ 2. Hence
M ′ :=
⋂m
i=1(M \ α
−1
i (0))
is an open submanifold of M of full volume: vol(M ′) = vol(M). Choose an open
set U ⊂ M ′ such that vol(U) < δJ . Then αj |U , 1 ≤ i ≤ m are nonzero sections of
Λ−J |U .
We now construct a new g-compatible almost complex structure on M (cf. [8,
13]). Choose a cut-off function c1 such that supp c1 ⊂ U and
|c1α1| < 1. (3.8)
Then, by Proposition 2.7, we get
Jc1 := Jc1α1 =
1− |c1α1|2
1 + |c1α1|2
J −
2
1 + |c1α1|2
Kc1α1 , (3.9)
Fc1 := Fc1α1 =
1− |c1α1|2
1 + |c1α1|2
F +
2
1 + |c1α1|2
c1α1. (3.10)
Thus it is easy to see that, as c1 → 0,
Jc1 → J, Fc1 → F. (3.11)
Note that Jc1 ∈ J
c
g ∩J
t
F and (g, Jc1 , Fc1) are a family of almost Hermitian structures
on M .
We claim that H−Jc1
⊂ H−J . Since Jc1 is g-compatible, we have
H−Jc1
⊂ H+g = H
−
J ⊕H
−,⊥
J . (3.12)
Given any nonzero β ∈ Z−Jc1
, there exist real constants ξi and ηj such that
β =
∑l
i=1 ξiωi +
∑m
j=1 ηjαj , (3.13)
8where 1 ≤ i ≤ l and 1 ≤ j ≤ m. Without loss of generality, we may assume that
∫
M β
2 =
∑l
i=1 ξ
2
i +
∑m
j=1 η
2
j = 1. (3.14)
Obviously, 〈β, Fc1〉 = 0. Restricted toM\supp c1, we have Fc1 = F . OnM\supp c1,
we get
〈β, Fc1〉|M\supp c1 =
∑l
i=1 ξi〈ωi, F 〉|M\supp c1 = 0. (3.15)
If
∑l
i=1 ξiωi ∈ H
−,⊥
J is nontrivial, then we put
β1 =
∑l
i=1 ξiωi( ∫
M (
∑l
i=1 ξiωi)
2
)1/2 . (3.16)
Obviously, β1 ∈ SJ . By (3.15) and (3.16), fβ1 = 〈β1, F 〉 ≡ 0, restricted to M \
supp c1. Hence M \ f
−1
β1
(0) ⊂ supp c1 ⊂ U . It follows that
V (β1) = vol(M \ f
−1
β1
(0)) ≤ vol(U) < δJ , (3.17)
contradicting the definition of δJ (see (3.5)). Therefore ξi = 0 for 1 ≤ i ≤ l and
β =
∑m
j=1 ηjαj . Thus we have proved that if H
−
J 6= ∅ then H
−
Jc1
⊂ H−J .
Remark 3.2. In [9], Draghici, Li and Zhang have considered g-related almost
complex structures: if almost complex structures J and J˜ are g-related then Λ−J +
Λ−
J˜
⊂ Λ+g and hence H
−
J +H
−
J˜
⊂ H+g .
Secondly, if H−J = H
+ then we construct any Jc1 and Fc1 such that H
−
Jc1
⊂ H−J .
In summary, we have obtained the following
Proposition 3.3. Let (M, g, J, F ) be a closed almost Hermitian 4-manifold. If
h−J ≥ 1, then we can construct a g-compatible almost complex structure Jc1 where
the volume of supp c1 is small enough, so that H
−
Jc1
⊂ H−J .
The following observation is the key for the computation of h−Jc1
.
Proposition 3.4. ([9, Proposition 3.7]) Suppose J and J˜ are g-related almost com-
plex structures on a closed 4-manifold M , with J˜ 6≡ ±J . Then
dim (H−J ∩H
−
J˜
) ≤ 1.
Let us return to the proof of the denseness statement in Theorem 1.1. By
Propositions 3.3 and 3.4, h−Jc1
= dimH−Jc1
= dim (H−Jc1
∩H−J ) ≤ 1.
Without loss of generality, we may suppose that h−Jc1
= 1. Choose [α] ∈ H−Jc1
such that
∫
M
α2 = 1. We then have dimH−,⊥Jc1
= b+− 1, and by the same reason as
that for (3.5),
δJc1 := infω∈SJc1 V (ω) > 0. (3.18)
Choose a cut-off function c2 such that supp c2 ⊂ M\α
−1(0) (by Lemma 3.1) and
that
vol (supp c2) < δJc1 . (3.19)
9Construct
Fc2 = f1Fc1 + c2α
such that Fc2 ∧ Fc2 = 2dµg. It is easy to see that J and Jc2 are both g-compatible
(g-related); thus Jc2 ∈ J
c
g ∩ J
t
Fc1
.
We claim that h−Jc2
= 0. Otherwise, there exists nonzero β ∈ H−Jc2
. Then, by the
above construction and by Proposition 3.3, H−Jc2
⊂ H−Jc1
; hence β ∈ H−Jc1
, β = ηα,
η 6= 0, and
〈β, Fc2〉 ≡ 0. (3.20)
Restricted to supp c2, we have Fc2 = f1Fc1 + c2α. It follows that
0 = 〈β, Fc2〉|supp c2 = 〈ηα, c2α〉 = ηc2|α|
2. (3.21)
Thus α−1(0) ⊃ supp c2, contradicting Lemma 3.1. Hence h
−
Jc2
= 0.
This completes the proof of the denseness statement in Theorem 1.1.
It remains to prove the openness statement in Theorem 1.1. Since the case
b+ = 1 is proved in [9] by Draghici, Li and Zhang, we consider the case b+ ≥ 2.
Suppose that Jk → J in the Fre´chet space as k →∞ and that
mk := h
−
Jk
≥ 1.
We need to prove that h−J ≥ 1. Suppose h
−
J = 0. Then b
+ = h+J − b
−. Let g be a
J-compatible metric and set F = g(J ·, ·). Let ψ1, · · · , ψb
+
∈ H+g be an orthonormal
basis with respect to the cup product, that is,
∫
M ψ
i ∧ ψj = δij , 1 ≤ i, j ≤ b+. (3.22)
Note that H+g = H
−
J ⊕H
−,⊥
J . Since h
−
J = 0, by Lemma 2.6,
ψi = f iF + P−J dθ
i, (3.23)
where θi ∈ Ω1. Set
gk =
1
2 (g(·, ·) + g(Jk·, Jk·)), Fk = gk(Jk·, ·).
Then (gk, Jk, Fk) → (g, J, F ) as k → ∞. Since mk = h
−
Jk
≥ 1, we may choose an
orthonormal basis of H+gk with respect to the cup product as follows:
{ωl(k)}1≤l≤b+−mk ∪ {α
l(k)}b+−mk+1≤l≤b+ ,
where {αl(k)}b+−mk+1≤l≤b+ ⊂ H
−
Jk
and {ωl(k)}1≤l≤b+−mk ⊂ H
−,⊥
Jk
. Denote by
△gk the Hodge-de Rham Laplace operator associated to gk and by G
k the Green
operator associated to △gk . Then, as done in [9, 15],
ψi = (ψi −Gk(△gkψ
i)) +Gk(△gkψ
i) = ψih,k + ψ
i
ex,k, (3.24)
with ψih,k := ψ
i − Gk(△gkψ
i) the gk-harmonic part and ψ
i
ex,k := G
k(△gkψ
i) the
gk-exact part. Thus ψ
i
h,k → ψ
i and ψiex,k → 0 as k → ∞. Moreover, if (ψ
i
h,k)
+
denotes the gk-self-dual part of ψ
i
h,k and (ψ
i
h,k)
− denotes the gk-anti-self-dual part
10
of ψih,k, then we still have (ψ
i
h,k)
+ → ψi as k →∞ since ψi is g-self-dual harmonic
form and gk → g as k →∞. Indeed,
∫
M
ψi ∧ ∗gkψ
i =
∫
M
| (ψih,k)
+ |2gk dµgk +
∫
M
| (ψih,k)
− |2gk dµgk
+
∫
M
| dθik |
2
gk
dµgk (3.25)
and
1 =
∫
M
ψi ∧ ψi =
∫
M
ψi ∧ ∗gψ
i
=
∫
M
| (ψih,k)
+ |2gk dµgk −
∫
M
| (ψih,k)
− |2gk dµgk , (3.26)
where ψiex,k = dθ
i
k. Then, by (3.25) and (3.26),
∫
M
ψi ∧ ∗gkψ
i −
∫
M
ψi ∧ ∗gψ
i
= 2
∫
M
| (ψih,k)
− |2gk dµgk +
∫
M
| dθik |
2
gk dµgk . (3.27)
Since ∗gk → ∗g and gk → g as k →∞, we obtain that
2
∫
M
| (ψih,k)
− |2gk dµgk +
∫
M
| dθik |
2
gk dµgk → 0
and
2
∫
M
| (ψih,k)
− |2g dµg +
∫
M
| dθik |
2
g dµg → 0
as k→∞. Therefore (ψih,k)
+ → ψi, (ψih,k)
− → 0 and ψiex,k → 0 in L
2(g) as k →∞.
Since (ψih,k)
+ ∈ H+gk , there exist a
i
l(k) ∈ R, 1 ≤ l ≤ b
+ such that
(ψih,k)
+ =
b+−mk∑
l=1
ail(k)ω
l(k) +
b+∑
l=b+−mk+1
ail(k)α
l(k). (3.28)
We have obtained that (ψih,k)
+ → ψi in L2(g) as k →∞, so
∫
M
| (ψih,k)
+ |2gk dµgk → 1
as k →∞. Then {(ψih,k)
+} are bounded in L2(gk).
Let us write
(ψih,k)
+,′ :=
b+−mk∑
l=1
ail(k)ω
l(k), (ψih,k)
+,′′ :=
b+∑
l=b+−mk+1
ail(k)α
l(k).
It is easy to see that
∫
M
| (ψih,k)
+ |2gk dµgk =
∫
M
| (ψih,k)
+′ |2gk dµgk +
∫
M
| (ψih,k)
+,′′ |2gk dµgk .
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Since {(ψih,k)
+} are bounded in L2(gk), we have {(ψih,k)
+,′} and {(ψih,k)
+,′′} are
bounded in L2(gk). As gk-self-dual-harmonic forms, {(ψ
i
h,k)
+,′} and {(ψih,k)
+,′′}
are bounded in L22(gk). It follows that {(ψ
i
h,k)
+,′} and {(ψih,k)
+,′′} are bounded in
L22(g) since gk → g in the C
∞-Fre´chet space as k → ∞. Hence we can choose a
subsequence {(ψih,k1)
+,′′} of {(ψih,k)
+,′′} such that
Ω−Jk1
∋ (ψih,k1)
+,′′ → (ψih,∞)
+,′′ ∈ Ω−J
in L21(g) as k1 →∞ since Jk1 → J and Ω
−
Jk1
→ Ω−J . Since d(ψ
i
h,k1
)+,
′′
= 0, we have
d(ψih,∞)
+,′′ = 0. By the assumption that h−J = 0, we can get (ψ
i
h,∞)
+,′′ = 0 by
Lemma 2.4. Thus (ψih,k1)
+,′′ → 0 and (ψih,k1)
+,′ → ψi in L2(g) as k1 →∞. Then
∫
M
(ψih,k1)
+,′
∧ (ψih,k1)
+,′
→
∫
M
ψi ∧ ψi = 1 (3.29)
as k1 →∞. On the other hand,
(ψih,k1)
+
= (ψih,k1)
+,′
+
b+∑
l=b+−mk1+1
ail(k1)α
l(k1). (3.30)
It follows that∫
M
(ψih,k1)
+
∧ (ψih,k1)
+
=
∫
M
(ψih,k1)
+,′
∧ (ψih,k1)
+,′
+
∫
M
b+∑
l=b+−mk1+1
ail(k1)α
l(k1) ∧
b+∑
l=b+−mk1+1
ail(k1)α
l(k1)
=
∫
M
(ψih,k1)
+,′
∧ (ψih,k1)
+,′
+
b+∑
l=b+−mk1+1
(ail(k1))
2
≥
∫
M
(ψih,k1)
+,′
∧ (ψih,k1)
+,′
+ (aib+(k1))
2,
since h−Jk1
≥ 1 by the assumption. Note that
∫
M
(ψih,k1)
+
∧ (ψih,k1)
+
→ 1,
∫
M
(ψih,k1)
+,′
∧ (ψih,k1)
+,′
+→ 1
as k1 →∞. Hence
(aib+(k1))
2 → 0 (3.31)
as k1 → ∞. Note that
∫
M
ψi ∧ ψj = δij and (ψih,k1)
+
→ ψi as k1 → ∞, for
1 ≤ i ≤ b+. Thus,
∫
M
(ψih,k1)
+
∧ (ψjh,k1)
+
=
b+∑
l=1
ail(k1)a
j
l (k1)→ δij (3.32)
as k1 →∞. Denote by A(k1) the b+ × b+ matrix: A(k1) = (ail(k1)). Then
B(k1) = A(k1)A(k1)
t =
(∑b+
l=1 a
i
l(k1)a
j
l (k1)
)
→ Ib+ (3.33)
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as k1 → +∞. Thus A(k1)→ A ∈ O(b+) as k1 →∞. Hence At ∈ O(b+) and
∑b+
i=1 a
i
l(k1)a
i
m(k1)→ δlm (3.34)
as k1 →∞. In particular, as k1 →∞,
∑b+
i=1 a
i
b+(k1)
2 → 1. (3.35)
This contradicts (3.31). Thus we get h−J ≥ 1.
Thus the almost complex structures J with h−J = 0 form an open subset of J
in the Fre´chet space. This completes the proof of Theorem 1.1.
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